This paper is devoted to the study of four integral operators that are basic generalizations and modifications of fractional integrals of Hadamard, in the space X
Introduction
In [1] we have discussed an approach to fractional integration and differentiation in the framework of the Mellin transform M of f : R + → C defined by The fractional version of (1.5), was introduced by Hadamard [2] ; and it is often referred to as Hadamard fractional integral of order α > 0, see [3, Section 18 .3 and Section 23.1, notes to Section 18.3]. Thus (1.6) is the particular case of (1.4) for µ = 0. In our previous papers [1] and [4] we have studied the more general operator (1.4) and its modifications of the form 
The corresponding results were also proved for the operator (1.6) and its modification
In [1] we also investigated the connections of the operators (1.4) and (1.7) with the Liouville fractional integration operators I α + f and I α − f defined on the whole real line R by
(1.14)
and
respectively; see for example [3, Section 5.1] .
In [4] we established the semigroup property and its generalizations for the operators (1.4), (1.7), (1.8), and (1.9) and gave conditions for the boundedness in X p c of Hadamard-type fractional integration operators, which are more general than (1.4), (1.7), (1.8), and (1.9); they involve Kummer confluent hypergeometric functions in the kernels.
The present paper is concerned with the establishment of the Mellin transform of the Hadamard-type fractional integration operators (1.4), (1.7), (1. 
Mellin transform in
in the sense that
where L p ({c} × iR) for some c ∈ R is the set of all functions g({c} × iR) with
It is directly checked similarly to the proof of Lemma 2 in [5] that if f ∈ X p c ∩ X 1 c , then the Mellin transform M p coincides with the classical Mellin transform given by (1.1), i.e., (Mf )(c
For a function f (x) defined almost everywhere on R + = (0, ∞) the elementary operators M ζ , τ r h , N a,r , R and Q are defined as
Mapping properties of these operators in the space X 
Remark 1. In case of the spaces X p c with p = 1 and p = 2, formulas (2.8), (2.9), (2.10) and some of their generalizations were given in [6] and [5] .
Let Kf = k f be the Mellin convolution operator defined by
There holds the following Mellin convolution theorem.
Lemma 2. Let c ∈ R and let
and the Mellin tranform of (2.13) is given by
(2.14)
c . The relation (2.14) was proved in [6, Theorem 3(b)] and [5, Lemma 2.7] for p = 1 and p = 2, respectively. For 1 < p < 2 this formula is proved similarly to the proof of Lemma 2.7 in [5] on the basis of the fact that the characteristic function
Mellin transform of Hadamard-type fractional integrals
In this section we obtain formulas for the Mellin transform M p of the Hadamard-type fractional integrals (1.4), (1.7), (1.8), and (1.9). First we consider J α 0+,µ f and J α −,µ f defined by (1.4) and (1.7). These integrals have form (2.13), namely
where the functions k 1 (x) and k 2 (x) are given by
respectively. The folowing assertions give conditions for the functions k 1 (x) and k 2 (x) to belong to the space X 1 c .
Lemma 3.
Let α > 0, µ ∈ C and c ∈ R. Proof. According to (1.10) and (3.3) we have 
Lemma 4.
Let α > 0, µ ∈ C and s ∈ C.
Proof. Let µ ∈ R and s ∈ R be such that µ − s > 0. Using (1.1) and (3.3) and making the changes of variables x = e u and u(µ − s) = τ , we have
This yields (3.5) according to the definition of the gamma-funtion [7, 1.1(1)]. Part (b) with (3.6) is proved similarly for µ ∈ R and s ∈ R such that µ + s > 0. Hence the lemma is proved for real µ and s. For complex µ ∈ C and s ∈ C the relations (3.5) and (3. 
Proof. According to (3.1) the Hadamard-type operator J α 0+,µ f is a Mellin convolution operator (2.13) with the kernel k(x) = k 1 (x) of (3.3). By Lemma 3(a) k 1 ∈ X 1 c if and only if α > 0 and Re(µ) > c. So we may apply Lemma 2 to (3.1). Using (2.14) and Lemma 4(b) we obtain for s = c + it, t ∈ R, 
Remark 2. When α = n ∈ N = {1, 2, . . .}, α = µ and p = 1 formula (3.8) was established in [6, (8.9) ].
Now we obtain formulas for the Mellin transform of the Hadamard-type fractional integrals I α 0+,µ f and I α −,µ f defined by (1.8) and (1.9). These integrals can be repesented in the forms (3.1) and (3.2), and their Mellin transfoms could be deduced from Lemma 2 as was carried out above for the Hadamard fractional integrals J α 0+,µ f and J α −,µ f . We shall use a more simple procedure based on the connections of (1.8), (1.9) with (1.4), (1.7), given by
respectively, see [1, (4.14) ]. Using (3.9) and (3.10) and applying Theorem 1 and Corollary 1 with µ being replaced by µ + 1 and µ − 1, respectively, we obtain the corresponding statements for the Hadamard-type fractional integrals (1.8) and (1.9). 
(3.12)
12).
Here p is conjugate to p (1 p ∞)
with p = ∞ for p = 1, while p = 1 for p = ∞. When µ = 0, the corrresponding assertions for the Hadamard fractional integrals (1.6) and (1.13) also follow from Theorem 1. 
Remark 3.
A relation of the form (3.15) was indicated in [8] as an example of the theory of multipliers based on the Mellin transform, which is different from that in (2.1)-(2.2).
Relations of fractional integration by parts in X p c
The following formula for fractional integration by parts is known [3, (5.16 )] for the Liouville fractional integration operators (1.14) and (1.15):
it is valid for f ∈ L p (R) and g ∈ L r (R) with p > 1, r > 1 and 1/p + 1/r = 1 + α. Such relations for the Hadamard-type fractional integration operators (1.4), (1.7), (1.8), and (1.9) have the following forms in succession: Proof. For "sufficiently good" functions f and g, (4.2) is verified directly by using (1.4) and (1.7), changing the order of integration and applying the Dirichlet formula (for example, see [3, (1.32 Taking µ = 0 in (4.2), we obtain the relation of fractional integration by parts for the Hadamard fractional integration oparators (1.6) and (1.13): 
